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$EVWUDFW ¥ 7KH WLPLQJV\QFKURQL]DWLRQ SHUIRUPDQFH RI
,(((DZLUHOHVV/$1VRQPXOWLSDWK5LFLDQ IDGLQJ
FKDQQHOV LV LQYHVWLJDWHG  6LPXODWLRQ UHVXOWV \LHOG WKH
IROORZLQJ REVHUYDWLRQV  $ KLJKHU 5LFLDQ IDFWRU JLYHV D
EHWWHUSHUIRUPDQFH$WORZVLJQDOWRQRLVHFRQGLWLRQVWKH
PXOWLSDWKGLYHUVLW\ JDLQ HQDEOHV DQ LPSURYHPHQW LQ WKH
V\QFKURQL]DWLRQ SHUIRUPDQFH EXW DW KLJK VLJQDOWRQRLVH
FRQGLWLRQV LUUHGXFLEOH SUREDELOLWLHV RI V\QFKURQL]DWLRQ
IDLOXUHZKLFKFDQQRWEHUHGXFHGHYHQLIWKHVLJQDOSRZHU
LV LQFUHDVHG RFFXU  $ PRUH GLVSHUVLYH FKDQQHO JLYHV D










LW LV NQRZQ WKDW LQGRRU UDGLR FKDQQHOV DUH FKDUDFWHUL]HG E\
WKHSUHVHQFHRIPXOWLSDWKIDGLQJ  ,Q ,(((DZLUHOHVV
/$1V RUWKRJRQDO IUHTXHQF\ GLYLVLRQPXOWLSOH[LQJ 2)’0
LV XVHG  7KH XVH RI 2)’0 LV DGYDQWDJHRXV EHFDXVH
LQWHUV\PEROLQWHUIHUHQFH,6,FDXVHGE\WKHPXOWLSDWKVSUHDG
FDQEHUHPRYHGLQGDWDGHPRGXODWLRQE\GLVFDUGLQJWKHF\FOLF
SUHIL[SURYLGHGLW LV ORQJHU WKDQ WKHGHOD\VSUHDG $F\FOLF
SUHIL[ RI QV LV LQVHUWHG LQWR HYHU\ GDWDFDUU\LQJ 2)’0
V\PERO VR WKDW DGHOD\ VSUHDGXS WRQV FDQEH WROHUDWHG
6LQFHWKHGHOD\VSUHDGRIDQLQGRRUUDGLRFKDQQHOLVW\SLFDOO\
DURXQG QV >@ WKLV OHQJWK RI F\FOLF SUHIL[ LV JHQHUDOO\
VXIILFLHQW 2QWKHRWKHUKDQG WKHHIIHFWRIPXOWLSDWKIDGLQJ
RQWKHWLPLQJV\QFKURQL]DWLRQSHUIRUPDQFHRI,(((D
ZLUHOHVV /$1V LV OHVV ZHOOXQGHUVWRRG  %\ DQDO\]LQJ WKH
FRUUHODWLRQ SURSHUW\ RI WKH SLORW 2)’0 V\PERO LW FDQ EH
VKRZQ WKDW PXOWLSDWK FRPSRQHQWV ZLWK GHOD\V JUHDWHU WKDQ
QV EHFRPH UHVROYDEOH GXULQJ WKH FRUUHODWLRQ SURFHVV RI
WLPLQJ V\QFKURQL]DWLRQ  7KH UHVROYDEOH FRPSRQHQWV DUH
LQGHSHQGHQWO\ IDGHG VR WKDW GLYHUVLW\ FRPELQLQJ LV SRVVLEOH
DQG WKH V\QFKURQL]DWLRQ SHUIRUPDQFH FDQ EH HQKDQFHG
+RZHYHU,6,LVDOVRLQWURGXFHGFDXVLQJDQHJDWLYHLPSDFWRQ
WKH V\QFKURQL]DWLRQ SHUIRUPDQFH  1RWLFH WKDW ZKHQ WKH
FRUUHFW V\QFKURQL]DWLRQ SRLQW FDQQRW EH HVWDEOLVKHG GDWD
FDUULHG LQ WKH2)’0V\PEROVFDQQRWEHGHPRGXODWHG 7KH
FRQVHTXHQFH RI V\QFKURQL]DWLRQ IDLOXUH LV WKH QHHG WR
UHWUDQVPLWGDWDSDFNHWVHYHQLIWKH2)’0V\PEROVWUXFWXUHLV
LQGHHGDEOHWRWROHUDWHWKHGHOD\VSUHDGRIWKHVLWXDWLRQXQGHU
FRQVLGHUDWLRQ  ,W IROORZV WKDW WKH SUREDELOLW\ RI
V\QFKURQL]DWLRQ IDLOXUH LV DQ LPSRUWDQW IDFWRU LQ WKH
GHWHUPLQDWLRQRIWKHZLUHOHVV/$1SHUIRUPDQFH
$OWKRXJK WKHUHKDYHEHHQPDQ\ZRUNV VXFK DV >@>@
FRQFHUQLQJV\QFKURQL]DWLRQDVSHFWVRI2)’0V\VWHPVWKHVH
ZRUNVDUHVSHFLILFWRWKHSURSRVHGV\VWHPVWKHUHLQDQGFDQQRW
SURYLGH LQVLJKWV LQWR WKH V\QFKURQL]DWLRQ SHUIRUPDQFH RI
,(((DZLUHOHVV/$1V  ,Q WKLVSDSHUZH LQYHVWLJDWH
WKH WLPLQJV\QFKURQL]DWLRQ SHUIRUPDQFH RI ,((( D
ZLUHOHVV /$1V RSHUDWLQJ RQ PXOWLSDWK 5LFLDQ IDGLQJ
FKDQQHOV  0HDVXUHPHQW UHVXOWV KDYH VKRZQ WKDW PXOWLSDWK
5LFLDQ IDGLQJ LV DSSURSULDWH WR PRGHO WKH FKDUDFWHULVWLF RI
LQGRRU UDGLR FKDQQHOV >@>@  7KH V\QFKURQL]DWLRQ
SHUIRUPDQFH LV LQYHVWLJDWHG E\ PHDQV RI VLPXODWLRQ  7KH
VLPXODWLRQPRGHO LV JLYHQ LQ 6HFWLRQ ,,  1XPHULFDO UHVXOWV
DUHSUHVHQWHGLQ6HFWLRQ,,,6HFWLRQ,9FRQFOXGHVWKHSDSHU
,, 7,0,1*6<1&+521,=$7,2102’(/
$V SUHDPEOH KDYLQJ D VWUXFWXUH VKRZQ LQ)LJ  LV
LQVHUWHGDWWKHEHJLQQLQJRIHDFKGDWDSDFNHW7KHSUHDPEOH
LVGLYLGHG LQWR WZR VXESUHDPEOHV 7KH ILUVW RQH FRQVLVWV RI
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RIIVHWFRPSHQVDWLRQEHJLQVDQGDOVRWKHVWDUWLQJSRLQWRIWKH
))7 WLPH ZLQGRZ IRU GDWD GHPRGXODWLRQ LQ WKH UHVW RI WKH
SDFNHW  7R GHWHFW WKH HQG RI WKH ILUVW VXESUHDPEOH WKH








RI WKH WUDQVPLWWHGVLJQDO FHQWHU IUHTXHQF\ LVZLWKLQSSP
>@,IWKHUHFHLYHURVFLOODWRUDOVRKDVDIUHTXHQF\XQFHUWDLQW\
RI SSP DQG WKH RSHUDWLQJ IUHTXHQF\ LV *+]  7KH
IUHTXHQF\RIIVHWLVZLWKLQN+]
7KH 2)’0 VLJQDO VSHFLILHG LQ WKH VWDQGDUG >@
FRPSULVHVVXEFDUULHUVQXPEHUHGIURP⁄WRZLWKQR
VLJQDO WUDQVPLVVLRQ DW WKH ]HURWK VXEFDUULHU  7KH FRPSOH[
HQYHORSHRIWKHSUHDPEOHs t( ) LVJLYHQE\>@
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ZKHUHDTp1  VDQGTp2  VDUHWKHOHQJWKVRIWKHILUVW
DQG VHFRQG VXESUHDPEOHV UHVSHFWLYHO\ E TGI 2    V LV
WKHOHQJWKRIWKHF\FOLFSUHIL[RIWKHVHFRQGVXESUHDPEOHF
w t t( , )1 2 LVWKHUDLVHGFRVLQHZLQGRZGHWDLOHGLQ>@G PLV
WKH VLJQDO SRZHU H ’ f    N+] LV WKH VXEFDUULHU
VSDFLQJ DQG I Bk    52 1 2 Sk  DQGCk    52 1 2 Lk  DUHSLORW
V\PEROVXVHGWRJHQHUDWHWKHVKRUWDQGORQJ2)’0V\PEROV
UHVSHFWLYHO\ ZKHUHLQ Sk  DQG Lk  DUH GHWDLOHG LQ >@  :H
PHQWLRQWKDWB0  C0  DQGBk  IRUk QRWDPXOWLSOHRI
  7KH VLJQDO LV WUDQVPLWWHG WKURXJK D PXOWLSDWK 5LFLDQ
IDGLQJFKDQQHO 6LQFH WKHVLJQDO LVEDQGOLPLWHG LW LVNQRZQ
WKDWWKHFKDQQHOFDQEHPRGHOHGE\DWDSSHGGHOD\OLQHPRGHO
>SS@ 7KHFKDQQHO LPSXOVHUHVSRQVH h t( )  LVJLYHQ
E\
h t Ae t e t Tj j B
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JDLQ DQG SKDVH RI WKH " WK IDGHG SDWK PRGHOHG E\





WKH FKDQQHO PRGHO DQG G TB  LV WKH LQYHUVH RI WKH VLJQDO
EDQGZLGWK  :H XVH TB    QV VLQFH WKH VLJQDO RFFXSLHV




 "    
 L ⁄ DUH VWDWLVWLFDOO\ LQGHSHQGHQW 7KH5LFLDQ IDFWRU






WKHUHFHLYHGVLJQDODIWHU5)ILOWHULQJr t( ) LVJLYHQE\
r t t e h t s tj f toff( ) ( ) ( ) ( )  K S2 ; @ 
ZKHUH  GHQRWHV FRQYROXWLRQK( )t  LV WKHFRPSOH[*DXVVLDQ
QRLVH DQG foff  LV WKH IUHTXHQF\RIIVHW 7KH QRLVH SRZHU LV
FRPSXWHGE\ 12
2E t{| ( )| }K  N W0 ZKHUHN0 LVWKHRQHVLGHG
QRLVHSRZHUVSHFWUDOGHQVLW\RIDGGLWLYHZKLWH*DXVVLDQQRLVH
DQGW  LV WKH QRLVH EDQGZLGWK RI WKH 5) ILOWHU  6LQFH WKH
VLJQDOHQHUJ\ LVFRQFHQWUDWHGZLWKLQDEDQGZLGWKRI0+]
>@ ZH FRQVLGHU WKDWW    0+]  7KH UHFHLYHG VLJQDO LV
GLJLWL]HGDWDVDPSOLQJUDWHRI1 Tsam VDPSOHVSHUVHFRQGZLWK
Tsam
1  0+]7KH n WKVLJQDOVDPSOH rn LVJLYHQE\ rn  
r nTsam(   W sam )  ZKHUH W sam  LV WKH IUDFWLRQDO WLPH RIIVHW
PRGHOHG E\ D XQLIRUP UDQGRP YDULDEOH RYHU > 12 Tsam 
1
2 Tsam @  ,W LV DVVXPHG WKDW WKH FRUUHODWLRQV RI QRLVH
FRPSRQHQWVLQrn 'VDUHQHJOLJLEOH
$VOLGLQJFRUUHODWRULVXVHGWRSURFHVVWKHUHFHLYHGVLJQDO
VDPSOHV :HGHQRWH Tss   QV DV WKH OHQJWK RI WKH VKRUW
2)’0V\PERO7KHFRUUHODWRURXWSXWREWDLQHGDWWLPH nTsam
W sam LVFRPSXWHGE\
;n n M m m
m
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ZKHUH M  T Tss sam  DQG gm  ƒ  k k
j k mTB e f sam26
26 2S ’ 
7KH V\QFKURQL]DWLRQ SURFHGXUH LV DV IROORZV  7KH WLPH
ORFDWLRQ RI WKH FRUUHODWLRQ SHDN DQG LWV | |;n 2  YDOXH DUH
LGHQWLILHGE\VHDUFKLQJIRUWKHPD[LPXPYDOXHRI | |;n 2 RYHU
WKH REWDLQHG FRUUHODWLRQ UHVXOWV  1RWH WKDW VHOHFWLQJ WKH
PD[LPXP | |;n 2 YDOXHDVWKHFRUUHODWLRQSHDNFRUUHVSRQGVWR
XWLOL]LQJPXOWLSDWKGLYHUVLW\ZLWKVHOHFWLRQFRPELQLQJ $IWHU
WKH FRUUHODWLRQ SHDN LV ORFDWHG WKH QH[W M WK FRUUHODWLRQ
UHVXOW LV FRPSDUHG ZLWK WKH PD[LPXP YDOXH RI | |;n 2  WR
GHWHUPLQHLIDQRWKHUFRUUHODWLRQSHDN LVSUHVHQW 7KHVHDUFK
IRU H[SHFWHG FRUUHODWLRQ SHDNV FRQWLQXHV XQWLO DQ DEVHQFH LV
LGHQWLILHGLQZKLFKWKHVHFRQGVXESUHDPEOHLVHQWHUHG1RWH
WKDW D QHZ FRUUHODWLRQ UHVXOW LV JHQHUDWHG HYHU\ VDPSOLQJ
LQVWDQW VR WKDW WKH PD[LPXP YDOXH RI | |;n 2  DQG WKH
FRUUHVSRQGLQJ WLPH ORFDWLRQ DUH UHJXODUO\ XSGDWHG  /HW P i
DQGni EHWKHPD[LPXPYDOXHRI| |;n 2 DQGWKHFRUUHVSRQGLQJ
WLPH ORFDWLRQ UHVSHFWLYHO\ UHFRUGHG DW WKH i WK VDPSOLQJ
LQVWDQWEXWH[FOXGLQJWKHFXUUHQWFRUUHODWLRQUHVXOW,WIROORZV
WKDW P i   max | |n i n ; 2  7KHHQGRI WKH ILUVW VXESUHDPEOH LV
GHFODUHGDWWKHVDPSOLQJLQVWDQW i ⁄ M LIn ⁄ni LVDPXOWLSOH
RIM DQG






:H IROORZ WKH VXJJHVWLRQ RI WKH ,((( D
VSHFLILFDWLRQV>@WKDWWKHODVWWKUHHVKRUW2)’0V\PEROVDUH
XVHG IRU WLPLQJ V\QFKURQL]DWLRQ  ,W IROORZV WKDW FRUUHODWLRQ
SHDNV RFFXU DW n    8 M  9 M  DQG10 M  RU ZLWKLQ D VPDOO
UHJLRQ6LQFH2)’0LVUDWKHUUREXVWWRVPDOOWLPHRIIVHWVDV
D UHVXOW RI WKH LQFOXVLRQRI F\FOLFSUHIL[ QV LQ WKHGDWD
IRUPDW >@ LQ VLPXODWLRQ WKLV VPDOO UHJLRQ ZDV VHW WR EH
QV LQ OHQJWK  $W n   11M  RU LWV YLFLQLW\ WKH YDOXH RI
| |;n 2  GURSV VLJQLILFDQWO\  $Q HYHQW RI IDOVH DODUP DULVHV
ZKHQLVVDWLVILHGIRU n  9 M RU10 M RUWKHLUYLFLQLWLHV






7KH FKDQQHO GLVSHUVLRQ LV PRGHOHG E\ DQ H[SRQHQWLDO
IXQFWLRQ  ,W LVDVVXPHG WKDW WKHFKDQQHOKDVDXQLW\JDLQVR
WKDWA2 ƒ  
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ZKHUH W rms  LV WKH 506 GHOD\ VSUHDG RI WKH 5D\OHLJKIDGHG
FRPSRQHQWV  ,Q WKH VLPXODWLRQ ZH FRQVLGHUHG WKDW W rms  d
QV DQG VHW L     :H FRQVLGHU WKDW K  UDQJHV IURP
f G% WR G% >@>@  7KH SUREDELOLW\ RI V\QFKURQL]DWLRQ
IDLOXUHPfail ZDVVLPXODWHGDJDLQVWE Nds 0 ZKHUHEds LVWKH
HQHUJ\ RI D GDWD V\PERO  7KH VLJQDOWRQRLVH UDWLR 615
JLYHQE\615  P N W( )0  LV UHODWHG WR E Nds 0 E\615 
52 ( )T Wds Õ E Nds 0 ZKHUHTds  VLV WKHGXUDWLRQRID
GDWD V\PERO H[FOXGLQJ WKH F\FOLF SUHIL[  :H FRQVLGHU WKH
FDVHVWKDWPfail  10
3 DQGPfail  10
4 (DFKPfail YDOXHZDV
JHQHUDWHGE\SHUIRUPLQJ106 VLPXODWLRQUXQV
7DEOH , OLVWV WKH VLPXODWHG Pfail  YDOXHV IRU foff   ^⁄
N+] ⁄N+] N+] N+] N+]‘ DQG E  ^
‘DW E Nds 0  G% K  G%DQGW rms  ^QV
QV‘  ,W LVDSSDUHQW WKDW WKHFKRLFHRI E  \LHOGV WKH
ORZHVWPfail DPRQJWKHWKUHHFDVHVRIE XQGHUFRQVLGHUDWLRQ
,Q WKH UHVW RI WKH SDSHU ZH FRQVLGHU E      5HVXOWV RI
7DEOH,DOVRVKRZWKDWIRUE  WKHGLIIHUHQFHRIPfail IRU
GLIIHUHQW foff DWDJLYHQE LVZLWKLQDIDFWRURIWKUHHDQGWKH
YDULDWLRQRI Pfail  LV LQJHQHUDOQRW VLJQLILFDQW 7KHUHIRUH LQ
WKH LQYHVWLJDWLRQ WKDW IROORZV ZH FRQVLGHU UHSUHVHQWDWLYH
YDOXHVRIPfail FRPSXWHGE\VHWWLQJ foff  N+]
)LJV DG SORW WKH VLPXODWHG Pfail  YDOXHV DJDLQVW
E Nds 0  IRU W rms    QV QV QV DQG QV 
UHVSHFWLYHO\XQGHUGLIIHUHQWFRQGLWLRQVRIK ,QHDFKILJXUH




 $WORZE Nds 0 FRQGLWLRQVG%DQGK ^G%G%
G% G%‘ WKH Pfail  YDOXHV IRU PXOWLSDWK IDGLQJ
FKDQQHOV ZLWK QRQ]HUR W rms  DUH ORZHU WKDQ WKRVH IRU
IUHTXHQF\QRQVHOHFWLYHIDGLQJFKDQQHOVW rms  QV7KH
SHUIRUPDQFH LPSURYHPHQW LV GXH WR WKH PXOWLSDWK
GLYHUVLW\  $W K    f G% WKH SUHVHQFH RI PXOWLSDWK
GLYHUVLW\\LHOGVDEHWWHUSHUIRUPDQFHRQO\IRUWKHFDVHWKDW
W rms  QV
 $WKLJK E Nds 0 FRQGLWLRQVWKHYDOXHVRI Pfail FDQQRWEH
UHGXFHGHYHQLIWKHVLJQDOSRZHULVLQFUHDVHG,WLVGXHWR
WKH SUHVHQFH RI FKDQQHO GLVSHUVLRQ ZKLFK UHVXOWV LQ ,6,
DQGOHDGVWRWKHRFFXUUHQFHRILUUHGXFLEOHSUREDELOLWLHVRI
V\QFKURQL]DWLRQ IDLOXUH  7KH LUUHGXFLEOH Pfail  OLPLWV WKH
EHVWV\QFKURQL]DWLRQSHUIRUPDQFHWKDWFDQEHDFKLHYHGIRU
,(((DZLUHOHVV/$1V  %\H[DPLQLQJWKHLUUHGXFLEOH Pfail YDOXHVXQGHUGLIIHUHQW
7$%/(,





W rms  QV
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FRQGLWLRQV RI W rms  LW LV DSSDUHQW WKDW DPRUH GLVSHUVLYH
FKDQQHO \LHOGV D SRRUHU V\QFKURQL]DWLRQ SHUIRUPDQFH
7KLV UHVXOW LQGLFDWHV WKDW WKH SHUIRUPDQFH LPSURYHPHQW
GXH WR D KLJKHU GHJUHH RI PXOWLSDWK GLYHUVLW\ FDQQRW
FRPSHQVDWHIRUWKHGHJUDGDWLRQGXHWRPRUH,6,
 ,WLVDSSDUHQWWKDWWKHV\QFKURQL]DWLRQSHUIRUPDQFHLVSRRU
LQ 5D\OHLJKIDGLQJ HQYLURQPHQWV K    f G%  ,Q DOO
FDVHVRIQRQ]HURW rms  WKHLUUHGXFLEOH Pfail YDOXHVFDQQRW
HYHQ EH UHGXFHG WR 10 3   7KH SRRU V\QFKURQL]DWLRQ
SHUIRUPDQFH UHGXFHV WKH FDSDELOLWLHV RI ,((( D
ZLUHOHVV /$1V LQ DSSOLFDWLRQV XVLQJ KDQGKHOG SRUWDEOH
FRPSXWLQJGHYLFHV
7DEOH,,SURYLGHVDVXPPDU\RQWKHPXOWLSDWKGLYHUVLW\JDLQ
ZKLFK LV H[SUHVVHG LQ WHUPV RI WKH UHGXFWLRQ RI E Nds 0  WR
DFKLHYHDPfail RI10
3 RU10 4 7KHUHVXOWVVKRZWKDWLWLVQRW
SRVVLEOHWRUHDOL]HDPXOWLSDWKGLYHUVLW\JDLQLQPRVWFDVHVRI
W rms ZKHQK  f G%DQGG%,WLVEHFDXVHWKHLUUHGXFLEOH
Pfail  YDOXHV DUH JUHDWHU WKDQ 10
3   )RU K    G% D TXLWH
VL]DEOHPXOWLSDWKGLYHUVLW\ JDLQ UDQJLQJ IURP DURXQG G%
WRG%FDQEHREWDLQHG%H\RQG K  G%WKHPXOWLSDWK
GLYHUVLW\JDLQGHFUHDVHVDVK LQFUHDVHV
,9 &21&/86,216
([WHQVLYH VLPXODWLRQ KDV EHHQ FRQGXFWHG IRU
LQYHVWLJDWLQJ WKH WLPLQJV\QFKURQL]DWLRQ SHUIRUPDQFH RI
,(((DZLUHOHVV /$1V RQ IUHTXHQF\VHOHFWLYH5LFLDQ
IDGLQJ FKDQQHOV  ,Q WKH LQYHVWLJDWLRQ E     KDV EHHQ
VHOHFWHG  ,W KDV EHHQ IRXQG WKDW WKH LPSDFW RI IUHTXHQF\
RIIVHWLVLQJHQHUDOQRWVLJQLILFDQW6LPXODWLRQUHVXOWVOHDGWR
WKH IROORZLQJREVHUYDWLRQV $KLJKHU5LFLDQ IDFWRU \LHOGV D
EHWWHU V\QFKURQL]DWLRQ SHUIRUPDQFH  $W ORZ E Nds 0
FRQGLWLRQV WKH PXOWLSDWKGLYHUVLW\ JDLQ HQDEOHV DQ
LPSURYHPHQWRIWKHV\QFKURQL]DWLRQSHUIRUPDQFH+RZHYHU
LUUHGXFLEOH SUREDELOLWLHV RI V\QFKURQL]DWLRQ IDLOXUH RFFXU DW
KLJK E Nds 0  UDWLRV  ,W KDV DOVR EHHQ VKRZQ WKDW D PRUH
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